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Abstract. This paper presents a brief overview of the fourth
fundamental one-port element — the memristor. The theoretical
fundaments of the idealized memristor predicted by Chua are rep-
resented. The main memristor realizations based on different ma-
terials are considered. Special attention is paid to their properties,
memory effect, principles of operation and important applications
in electronic devices, as reconfigurable circuits, memories, neural
networks, logic gates and others. Due to the high complexity of
the processes in the memristors their modeling is substantial and
plays important role in memristor circuit design. A comparison of
their main models is done, paying attention to their advantages,
exploration for their new potential applications and the need of
representation the nonlinear ionic drift for high-level and high-
frequency signals.
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1. INTRODUCTION

The resistance-switching phenomenon, observed in many amorphous metal
oxides and transient metal chemical oxides, such as SiOs, AloOg, TasOs5, TiOo,
HfO and others has been analyzed since 1970 [1]. It has been established that
such materials placed in a sandwiched metal-oxide-metal microstructure have
the ability of altering their resistance in accordance with the applied voltage
and memorizing their state for a very long-time interval after turning the
sources off [1, 2]. Similar unusual behavior has been predicted for the idealized
memristor element by Leon Chua in 1971 [3]. The idealized memristor element
is proposed in accordance with symmetry considerations and the dependencies
between the four basic electric quantities (current i, voltage v, charge ¢ and
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magnetic flux W) [3]. The proposed fourth basic one-port element relates the
flux linkage V¥, expressed as a time integral of the voltage, to the electric
charge ¢, equal to the time integral of the current. The relations between
the main electrical quantities and the fundamental one-port elements [3, 4]
are described by two definition expressions (for the charge-current and flux-
voltage relations) and by the passive two-terminal basic elements — resistor,
inductor, capacitor and memristor.

The memristor has the important capability of memorizing the electric
charge moving through its cross-section and its resistance M, called also mem-
ristance, when the electrical signals are switched off [2, 4]. Its current—voltage
relationship that will be discussed in detail in the next Section is a pinched
hysteresis loop, which shape and range depend on both the magnitude and the
frequency of the applied signal [3, 4, 5]. Since the memristor element could re-
member its resistance after turning the sources off, then the memristor could
be used as a non-volatile memory element [2, 3, 6]. The memory effect is
founded on accumulating electric charges (positively charged particles — ions)
in the memristor structure and retaining them when the memristor voltage is
zero [2]. Several basic types of real physical memristors exist [7, 8, 9, 10, 11].
They are based on different chemical and physical structures and have different
principles of operation. Titanium dioxide memristor is one of the most impor-
tant nano-structured elements which still have extended applications [3, 4, 12]
and due to this it is a central object investigated in detail in the present paper.
The polymeric memristors [7] are based on organic plastic materials. Single or
parcels of molecules in such materials are able to conduct and switch currents
and memorize information using electric charge accumulation [7]. Resistance
switching has been also observed in many sandwich-like structures consisting
of ferroelectric thin layers [10, 13]. Their resistance can be reversibly changed
between its limiting values for OFF state and ON state by applying an exter-
nal signal. The polarization transfer has good stability for chemical alteration
and is principally rapid, the interfacial resistance-switching phenomenon is
optimistic to the new ferroelectric memristors [10, 13]. The spintronic mem-
ristor device is based on a thin oxide layer placed between two regions with
good magnetic properties [10, 14]. Principally, all types of memristor elements
could be described using a system of two equations: an equation describing the
current—voltage relationship, dependent on the memristor state, and another
equation relating the time derivative of the state variable and the current [3,
8, 10].

The modeling of the real memristors is a very important procedure due
to the specific description of the different electric properties of the respective
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materials and their behavior in electric circuits [15, 16, 17, 18]. According to
the specific structure of the physical memristors several different models are
proposed in the scientific literature [15, 16, 17, 19]. Several of them have disad-
vantages mainly associated with the impossibility for realistic representation
the nonlinear dopant drift for high level signals, unsuitability for operation
and resistance switching at high-frequency and high-level voltages, high com-
plexity, convergence problems and others [16, 19]. These facts are responsible
for the need of memristor models modifications and improvements [10]. In
several modified by the author models [10, 20] in the respective window func-
tions a voltage-dependent exponent and additional sine component are applied
for more realistic representation of the nonlinear ionic dopant drift and of the
switching properties for high-level and high-frequency electric signals. For in-
creasing the stability and avoiding convergence problems, especially in SPICE
environment, in a standard memristor model [9] and in a modified by the au-
thor memristor model [21] the non-differentiable step function is replaced by
its differentiable and continuous analogues — functions based on exponential
and tangent hyperbolic functions, respectively. In the scientific literature a
complete comparison of the existing memristor models is not presented.

The motivation for this article is to present a detailed comparison of the
main standard and the modified by the author memristor models according to
different criteria, as switching speed, representation the boundary effects and
the nonlinearity of the ionic dopant drift, and others, paying attention to their
advantages and specific applications — in reconfigurable analog and digital de-
vices, computer nonvolatile memories, neural networks, in-memory computing
schemes and other electronic circuits, and searching for new possible future
applications of the memristor elements.

The rest of the paper is organized as follows. Section 2 represents a theo-
retical fundament for the idealized, standard and physical memristors, paying
attention on the differences between them and their specific present and new
potential applications in electronic devices. In Section 3 a review and com-
parison of the basic standard and modified by the author memristor models
are presented. The concluding notes are given in Section 4.

2. GENERAL INFORMATION FOR THE IDEALIZED
AND THE PHYSICAL MEMRISTORS AND APPLICATIONS

2.1. The idealized memristor element

The relationships between the basic electric quantities (current, voltage,
charge and magnetic flux) are presented in Fig. 1(a). The memristor relates
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Fig. 1. (a) Relations between the basic electric quantities (current 4, voltage v, electric

charge ¢ and flux linkage ¥), and the main one-port passive elements; (b) current—

voltage and charge-flux characteristics of idealized memristor for several different
frequencies

the time integrals of the current (the charge) and of the voltage (the flux link-
age) [2]. The system of equations describing the idealized memristor element
is [2, 3]:

dx .
@ (1)
v=M(x)

where z is a memristor state variable, proportional to the charge ¢ accumulated
in the memristor, k is a constant, ¢ is the current, v is the voltage, and M (z)
has the measurement unit of resistance and is called incremental memristance
[2, 3]. It could be expressed as a derivative of the flux linkage with respect to
the charge [3]:
dep
M) = 5F. 2)
The current—voltage and the charge—flux relationships of an idealized mem-
ristor are presented in Fig. 1(b) for sinusoidal voltage with amplitude of 1 V,
frequencies of 1.5, 3 and 20 Hz and initial phase of —60°. The current—voltage
characteristic is a pinched hysteresis loop, which area decreases with increas-
ing the frequency. The charge—flux relation is an increasing nonlinear curve,
which tends to a straight line with increasing the frequency [3].
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2.2. Description of the titanium dioxide memristor

The titanium dioxide memristor element has been created by Stanley
Williams in Hewlett-Packard (HP) research labs [4]. A schematic of the mem-
ristor nanostructure is shown in Fig. 2(a). The electrodes of the element are
made of titanium or other material. The structure of the memristor is founded
on a thin layer of amorphous titanium dioxide. The first region of the mem-
ristor is created in the titanium dioxide nanostructure by doping with oxygen
vacancies and the second one is made of pure titanium oxide [4]. The oxygen
vacancies are positively charged. The doping process is called electroforming
and is based on applying a constant voltage with a value of about 5 V [12].
Due to the derived electric field with high intensity, a partial evaporation of
oxygen molecules near the anode occurs and oxygen vacancies appear in the
left region of the memristor [4]. The stochiometric chemical formula of the
doped region material is TiOs_,, where the index z has a value between 0.02
and 0.05 [4]. The doped layer of the memristor nanostructure has low resis-
tance, while the neighboring layer has very high resistance [4]. The length of
the memristor nanostructure D is between 3 and 10 nm. The length of the
doped layer could be altered by applying external electric field [4]. If a voltage
with positive polarity is applied to the memristor element, then the positive
potential on the anode repels the oxygen vacancies, and they start migration
to the cathode of the element.

The length of the doped region increases and this process continues to the
moment when the oxygen vacancies have reached the cathode. If a negative
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Fig. 2. (a) Memristor structure based on titanium oxide; (b) equivalent
substituting circuit with state-dependent nonlinear resistors
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voltage is applied to the memristor, then the anode has a negative potential.
It attracts the oxygen vacancies and the doped layer decreases [4, 22, 23]. The
resistances of the doped and the un-doped regions of the memristor element
depend on their instant lengths and on their specific resistances [4]. If the
boundary between the doped and the un-doped layers of the memristor reaches
the right border of the memristor nanostructure, then the length of the doped
region is maximal. In this state, the memristor has a minimal resistance with
a value of 100 €2 [4]. This state of the memristor is known as a fully closed
state and the respective resistance is known as ON-resistance (Roy). If the
boundary between the doped and the un-doped layers of the memristor is on
the left border of the memristor structure, then the whole region of the element
is filled with pure titanium dioxide, and the resistance of the memristor element
has a maximal value of 16 kQ [4, 22, 24].

This state of the memristor is known as a fully open state, and its maximal
resistance is known as the OFF-resistance (Rorr) [4]. The instant length of
the doped region is denoted by w and the length of the memristor is D [4].

The memristor state variable x is expressed as a ratio between the lengths
of the doped layer w and the size of the whole memristor element D [4, 25]:

w
T= 5 (3)
The doped and the un-doped parts of the memristor element are connected
in a series, Fig. 2(a) [4]. A simplified equivalent circuit of the titanium dioxide
memristor is shown in Fig. 2(b) for description of the memristor behavior in
electric fields and for further derivation of the state-dependent current—voltage
relation. The resistance of the respective memristor layer is proportional to
its length and to the specific resistance. The resistance of the saturated region
is proportional to the product of the ON-resistance and its respective length.
The resistance of the un-doped region is proportional to its length and to
the OFF-resistance of the memristor [4]. The equivalent resistance of the
memristor element R4, according to the equivalent electric circuit, Fig. 2(b),
is [4, 16, 26]:
Req:RONx+ROFF (1—1’). (4)
The state variable x determines the total resistance R, of the memristor
element. If a voltage signal v is applied to the memristor element, the relation-

ship between the memristor current ¢ and the applied voltage v is expressed
using the state-dependent Ohm’s Law [4, 27]:

v=1Req =1 [Ronz + Rorr (1 —1)]. (5)
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The voltage across the doped layer of the memristor element v,, is expressed
using the Ohm’s Law; it is a multiplication of the memristor current ¢, the
resistance of the doped layer Ron and the state variable = [4, 12, 28]:

w
Uw:iRONx:iRON*. (6)
D
The intensity of the electric field in the doped layer of the memristor can
be expressed as a ratio between the voltage across the saturated layer v,, and
its instantaneous length w [4, 12]:

i Rony—
Ly ONH R
By, = 2w — D _ ;tON (7)

w=— = =1
w w D

The relation between the velocity of the oxygen vacancies v, expressed as
a time derivative of the instantaneous value of the length of the doped region
w, and the electric field strength in the doped region of the memristor F,, is
[17]:

dw d dx -, Ron

E:@(xD):DE:NEw:W (8)

where =1 x 107 m?/(V.s) is the ionic mobility of oxygen vacancies in the
titanium oxide material [4]. Equation (8) could be transformed as follows [4,
22, 23]:

U=

‘(% = u %z’ = ki, 9)
where k is a constant, dependent only on the memristor parameters u, Ron
and D [4]. Equation (9) is the fundamental state differential equation of
the titanium dioxide memristor element with linear ionic dopant drift [4, 23].
Equations (2) and (9) completely describe the behavior of the memristor ele-
ment in electric fields [4] and they are combined to form system of equations

(10):

v=1 [Ronz+ Rorr (1 — )]
dj ki . (10)
dt

After expression of the current from the first equation of system (10) as a
function of the voltage and of the state variable, substituting in the second
equation of (10), separating the variables z and v, and integration the following
expression is derived:

T

t
/[(RON—ROFF)y—I—ROFF]dy:k/vdT:k\If. (11)
0

Zo
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After integrating and solving the obtained expression with respect to the
state variable, the following solutions (12) are derived [17]:

—Rorpp * \/RZOFF _ 4(RON—2ROFF) kU + (RON—zROFF)x(Q) + Rorro

x pry
b2 Ron — RorF
(12)

According to physical considerations only the second solution satisfies the
condition 0 < = < 1. It is obvious that the state variable x is proportional to
the time integral of the applied voltage. This fact confirms the memory effect
of the considered memristor. Using the fact that Roy < Rorr, the following
approximation could be applied [17]:

Ron — Rorr = —RorrF. (13)

By applying this approximate expression in solutions (12), the state variable
x could be expressed by a simplified formula [17]:

t

/Ud7—$3+2$0. (14)
0

r=1— |1+

Rorr

If the time integral of the memristor voltage is replaced by the equivalent
flux linkage ¥, the following expression could be derived [17]:

2k
:):—1—\/1—1— U — 22 + 2z. (15)
Rorr

Formula (15) describes the relationship between the state variable and the
flux linkage and it is also known as state-flux relationship [17]. After substi-
tution of expression (15) into ratio (3) the current—voltage relationship of the
memristor element is derived:

i = ;k t . (16)
(Ron — Rorr) [1 — \/1 + Rorr fvdr — JZ% + 2x0| + RorFr
0

Observing relationship (16) it could be concluded that the memristor cur-
rent depends not only on the applied voltage but on the time integral of the
voltage as well. This confirms the memory effect and the pinched hysteresis
loop of the i—v characteristic.
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2.3. Memory effect of the memristor element in electric fields

This effect observed at the memristor, operating in electric fields is visually
expressed in the next Fig. 3(a, b). In the first case the applied memristor
voltage is a sequence of rectangular pulses with positive polarity [29, 30]. The
duty cycle of the applied pulse sequence is 50%. If a positive voltage impulse is
applied to the memristor, then its state variable x increases, and the memris-
tance M (known also as the resistance of the memristor), proportional to the
state variable x, decreases. In the pauses between the pulses the memristor
voltage is zero and the state variable of the memristor x retains its previous
value. In the time diagram, the state variable is presented with horizontal
segments.

The observed effect confirms the memorizing property of the memristor [4].
When a new positive pulse is applied, the state variable x increases again,
starting from its previously reached value. In Figure 3(b) the applied voltage
is presented as a sequence of positive and negative impulses. If the respec-
tive pulse is negative then the state variable decreases. It could be concluded
that the memristor state and resistance could be changed by external voltage
pulses with different polarity. The change of the state variable and the respec-
tive memristance is proportional to the time integral and henceforth to the
respective duration of the applied voltage pulses. The described properties
and characteristics of the memristor element are valid for the idealized case,
when the state variable z does not reach its limiting values. In this case the
memristor operates in a soft-switching mode [4, 17].

Time diagram of voltage and current
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Fig. 3. (a) Time diagrams of the memristor voltage, current, state and flux linkage for
a sequence of positive impulses; (b) the respective diagrams for pulses with different
polarities
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2.4. Present and future potential applications of the memristors

Due to their very useful properties — memory effect [4], long retention inter-
vals [17], low power consumption [22, 23], the memristors have many applica-
tions — in reconfigurable analogue and digital circuits [17, 26], neural networks
[7, 19, 26, 27, 28], computer memories [2, 14, 26] and other promising potential
capabilities for applications in electronics [6, 26, 31].

If the memristor operates with high-frequency signals then the state vari-
able has almost a constant value and the memristance is also a constant [3, 32,
33]. In such cases the memristor could be applied in linear electronic devices,
as filters [22], amplifiers [34], integrators [35, 36] and many other circuits for
linear operations. If an external impulse with a long duration and a high level
is applied to the memristor then its state and the respective resistance are
changing till stopping the external signal. Then the considered analogue or
digital device continues its operation without changing the memristance. In
this way the memristor could be used in linear electronic schemes if the change
of several parameters is needed.

The memristor could be applied in nonvolatile memories [6, 23]. For storing
a bit of information a positive pulse with high level and long duration is
used. Then the memristor state and resistance are changed and the new
value of the memristance is proportional to the written logical information.
For reading the information stored in the memristor there are two possible
variants — applying a sequence of two equivalent pulses with different polarities,
or using a pulse with nominal duration and a level lower than the memristor
activation threshold. In both the considered cases the memristor state and the
corresponding stored information do not change during the reading processes
[17]. For erasing the information stored in the memristor a negative pulse
with nominal level and a long duration is applied. Then the memristor state
obtains its initial value derived before the writing procedure [4, 17, 23].

The change of the memristor state and respective resistance and the pos-
sibility for retaining its value after turning the source off could be used for
application of the memristors in the synapses of the artificial neural networks
[25, 26, 27]. Several different schematics of memristor-based synapses exist in
the scientific literature — anti-series memristor circuits, bridge memristor cir-
cuits [26], and single memristor circuits [25], bridge resistor-memristor circuits
with one and two anti-parallel memristors [37]. The change of the synaptic
weights of the synapses is made in the learning phase of the neural network
[26]. This change is made by applying voltage pulses with long duration and a
level higher than the memristor activation threshold. In the phase of applying
of the input signal to the neural network this signal has to be with levels lower
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than the activation threshold [17]. Then the resistances of the memristors in
the synapses are with constant values till applying the next tuning pulse for
adjusting the synaptic weights.

The memristors could be applied in oscillator circuits [32, 33]. If the mem-
ristors are used for tuning the amplitude or the frequency of the output signal
of the generator then they must operate in a state near to soft switching mode
with low-voltage signals and their state must not be changed. The change of
the frequency or the output voltage level could be made by applying external
voltage pulses for changing the resistance of the memristors. This mode is
used in sinusoidal generators [32]. If the memristor operates with high-level
voltage signals then the output voltage signal is non-sinusoidal one and this
mode could be used for relaxation pulse oscillators [33].

In the last several years the memristorc are used for constructing of logic
gates [38, 39]. In such devices the memristors operate in hard-switching [17].

According to many investigations it is established that the axons in the
biological neural systems have memristive behavior [40]. One of the future
possible applications of the memristors could be their inclusion in the place of
the axons of the artificial neurons in the multilayer neural networks [26, 40].

Many investigations associated with the in-memory computing are pub-
lished in the scientific literature in the last several years [31]. These effective
calculations in the computer memories operating also as processing modules
could be prepared with the use of memristor elements [31].

3. A REVIEW AND COMPARISON OF THE BASIC
STANDARD AND MODIFIED MEMRISTOR MODELS

In this Section the basic classical and modified by the author memristor
models are considered, paying attention to their main properties and advan-
tages. All of them could be represented by the following system of equations
4, 11]:

v =1 [Ronz + Rorr(l — )] .
X —kif (i) ’ (17)
where f (z) is the applied window function, used for limitation of the state

variable in the interval [0, 1] and for representation the boundary effects [17].
3.1. Strukov—Williams memristor model

This memristor model uses the system of equations (17) in a combination
with the Strukov-Williams window function (18) [4]:
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fow (@) =1—Q2z -1 =42(1—x). (18)

The presented window function fy, (z) is appropriate for limitation of the
state variable x but unfortunately it could not completely represent the bound-
ary effects [17]. It is a special case of the next Joglekar window function [15].

3.2. Joglekar memristor model

This memristor model is described by the system of equations (17) in a
combination with the Joglekar window function f; (x) (19) [15]:

fr(x)=1— 2z -1, (19)

where fj(z) is the window proposed by Joglekar [15, 17]. This model is also
unable to represent the boundary effects for hard-switching mode [17].

3.3. Biolek memristor model

The Biolek model is described by the system of equations (17) in a combi-
nation with (20) [16]:

fg (2,i) =1 — [z — stp(—i)]*?, (20)

where fgp(x,7) is the Biolek window function [16]. Due to the use of this
special window function the Biolek model is able to represent the boundary
effects [17]. Sometimes the use of the non-differentiable step function could
lead to convergence problems in PSpice environment [9].

3.4. Boundary condition memristor model

This memristor model is given by the system of equations (17) in a combi-
nation with (21) [17]:

, x€(0,1)
, v=0 & v > vy
feom (x,v) = =0 & v<wvp (21)

r=1 & v < —vy,
r=1& v > —vy,

O = O = =

where fpon (x,v) is the boundary condition memristor window. This win-
dow function successfully represents the boundary conditions [17]. The model
represents a linear dopant drift.
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3.5. Lehtonen—Laiho memristor model

Unlike the previous memristor models described above this model is a
highly nonlinear one [19]. It uses the standard Biolek window and could rep-
resent the boundary effects for hard-switching mode [17, 19]. It is appropriate
for application in high-frequency devices [19] operating with high-level voltage
signals. Its describing system of equations is [19]:

i = 2" Bsinh (o) + x [exp (yv) — 1]

E:afB(x) ™

where n, m, a, a, 8, v and y are parameters for fitting the model [19].
3.6. Modified window functions

The basic modifications proposed by the author [10, 36, 41, 42] are mo-
tivated by the established dependence between the nonlinearity of the ionic
dopant drift and the applied memristor voltage [10, 26]. For expression of
this dependence in the standard window functions the integer exponent p is
replaced by a function of the applied voltage p (v) [10, 41]:

p(v) = round (23)

b+ |v|’
where a and b are fitting parameters and the function “round” is used for
deriving integer result [24, 26]. The function (23) is applied in the modified
Joglekar and “Biolek 1”7 memristor models and their improved versions are
derived [10, 41]. A comparison between them is presented in Table 1.

For more realistic representation of the nonlinear dopant drift an additional
sinusoidal component [42] is used in the modified “Biolek 2” memristor model
window function [16]:

— [z — stp (=) +m sin? (7
fn (0, = T2 D m S (), (21)

The next basic modification proposed for increasing the model nonlinearity
is combining the modified Biolek and Joglekar windows [10, 36]:

fe(z,v)+ fj(x, v)'

S (25)

fBim (z,v) =

The derived mixed window function is applied in a memristor model de-
scribed in [10, 36] with a combination of activation thresholds.
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3.7. Avoiding convergence problems in PSpice environment
by replacing the step function with its tangent hyperbolic
differentiable analogue

For derivation of stable PSpice memristor library models and for avoiding
convergence problems the standard step function in the Biolek classical window
could be replaced by its continuous and differentiable analogue. In [9] this is
made by the use of exponential function. In [21] the author proposed applying
of a differentiable analogue of the step function based on tangent hyperbolic
function in the modified Biolek window function with a fitting parameter r
21, 42]:

g (i) = 1+ ta;lh (r z). (26)

The proposed by the author modifications to the standard models lead
to more realistic representation of the memristor behavior in electric circuits
which allows using the models for high-level and high-frequency signals [10,
36, 41].

3.8. A comparison of the considered memristor models

In Table 1 a comparison of the considered standard and modified memris-
tor models is made using several important criteria — operating signal levels,
nonlinearity, and expression of the boundary effects for hard-switching mode,
switching frequency, accuracy, activation thresholds, and possibility of tuning,
expression the dependence of the nonlinear ionic drift on the applied voltage.
All the considered standard models with exception of the Lehtonen—Laiho
model are appropriate for low-frequency and low-level signals. The modi-
fied by the author models are with improved characteristics and they could
be used for electronic circuits investigation for high-level and high-frequency
signals. The modified models are tunable and could be adjusted according
to experimentally derived current—voltage characteristics of transition metal
oxide-based memristors [10].

4. CONCLUSION

The memristors are very important and promising electronic elements with
many present and potential future applications in reconfigurable devices, os-
cillator circuits, computer memories, neural networks, in-memory computing
devices and many others. The basic types of memristors, their structure and
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principle of operation are discussed in the paper. Special attention is paid
to their modeling and the associated problems due to their high complexity.
In order to compensate several problems in the existing standard memristor
models the author has proposed several improvements in the window function,
applying dependence between the dopant drift nonlinearity and the voltage
and adding additional sine component in the windows. For avoiding conver-
gence problems the author has proposed replacement of the step function by its
analogue based on the tangent hyperbolic function. In this way the modified
models could be successfully used for analysis of complex electronic schemes
for high-level and high-frequency signals.
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