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Abstract. This paper is devoted to the problem of optimal trans-
portation of agricultural products through a network of loading,
intermediate and unloading points through the circulation of ve-
hicles and taking into account the capacity and the risk of adverse
events in different parts of the network. The risk is considered as
a product of two measures — the volume of agricultural transport
production on a given section of the network and the probability
of adverse events on that section. To describe the transport pro-
cess, the use of circulation in a generalized two-product network
flow with bandwidth and risk function is proposed. A method
is described by which the minimal number of necessary means of
transport for transportation of all production at total minimal
transportation costs and for risk reduction insurance can be de-
termined. It is proposed that the whole process for optimization
of the transport activity be controlled by a computer system and
periodically updated by recalculating the schedule according to
the proposed method.

Keywords: two-product network flow, risk function, generalized
network flow, maximal circulation with minimal value, closed lo-
gistics system.

1. INTRODUCTION

During the intensive campaigns for harvesting agricultural products from
fields and greenhouses and transport to receiving points, a number of problems
arise related to the optimal use of the fleet, the minimization of delivery time,
as well as the total cost of these operations [1]. Most often the vehicles circulate
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between loading, intermediate and unloading points, where it is necessary to
draw up optimal for the whole system schedules for the movement of vehicles.
The criterion for this is the minimization of the total value of freight transport
operations and the costs of insurance to reduce the risks on the network. It is
often necessary to minimize the number of vehicles used along their routes.

On the other hand, in the movement of vehicles and loading and unloading
operations there are various risks, the cost of which must be taken into ac-
count in the optimization of management processes. Similarly, in both natural
disasters and man-made events, the risk is usually considered as a product of
two measures — the amount of transported product (resource) between the
start and end points of a section and the probability of an adverse event when
crossing that section [2, 3].

In the present work, a circulating generalized two-product network flow
with gains and losses has been developed to describe various freight and trans-
port activities in the transportation of agricultural products. The first of the
products in this model describes the movement of this production (resource),
and the second — the risks that arise from such movement. Both products
require “flow”, i.e. compliance with the requirement for equality of the quan-
tities of incoming and outgoing product for each peak.

Agricultural production is transported by discrete, usually road transport,
which in the two-product model is considered as a continuous flow.

2. PROBLEM FORMALIZATION AND METHODOLOGY

For the formal description of the developed model it is necessary to enter
the following designations [4, 5|:

G (X, U) — a directed graph containing a plurality of vertices X = {z;/i €
I} and a set of arcs U = {z;;/(i,j) € G} in which [ is the set
of indices of all vertices X, I = {z;/z; € I} and G is the set of
pairs of indices of all arcs U of the graph G = {(i,7)/x;; € U}
where each arc has an initial vertex x; and an end vertex z;;

fij — network flow of the resource on the arc z;;;
ri; — arc flow function of the risk on the arc z;; or, in short, the risk
on the same arc:
rij = Pijfij, 0< Py <1, (i, j) € G; (1)
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P;; — the probability of occurrence of an adverse event dur-
ing the transportation of the resource f;; along the
rainbow 7;;;
I} ={j/(i,j) € G} — direct image consisting of the indices of all the end
vertices of the arcs coming from x;;
I;'={j/(j,i) € G} — inverse image representing the set of indices of all
initial vertices of arcs whose final vertex is x;;
ng — upper boundary of arc resource throughput permis-
sible in arc w;;;
Cl’; — upper boundary of the arc risk throughput permissi-
ble in arc x;;;

/ . .
a;; — price for the passage of a unit of resource along the
arc Tij;
" . . . . .
«j; — insurance price per unit of arc risk z;j;
v and vmaxy — flow and maximal flow of resources;
v" and v/ — flow and maximal flow of risks.

max
In order to comply with the constraints by resource {ng} and by risk {Céj}
it is necessary that:
Ci; = min[Cy;, CF/Pyl,  (i,5) € G,
ij — coordinated resource throughput, which respects both throughputs — by
resources Cl{j and by risks CZ{;;
C}”j — coordinated risk throughput, which is saved and two throughputs — by
risk Cj; and by resource Cj;.
If the two sides of the first of the above two equations are multiplied by the
probability P;;, the following equations will be reached:
If the two network flows (products) — for the resources {f;;} and for the
risks {r;;} are limited from above by inequalities:

fij <C5, 1y <CL, (i,4) € G, (3)

it follows from the previous four equations that the inequalities will also be
observed for each (i,j) € G

/ 1
Jij < Cijy 1ij <Gy
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For the realization of the transport circulation the following designations
are necessary:
I; = {i/z; € S} — indices of the set of loading points;

S= U x;
1€ls

d; — capacity (performance) by resources of a loading point of index i € I;
I; = {i/z; € T} — indices in the set of unloading points;

T= U x;
i€ly

b; — capacity (performance) by resources of a unloading point of index i € I;
I, = {i/x; € P} — indices of the set of intermediate points;

P = U x;.
i€l
The requirement must be met for the transported product:

> di=>"b; (4)

1€l JEl

Let [;; be the number of time units for passing the distance from point z; to
point z; which includes the time for loading/unloading at the same point z;.
Then k;; is a coefficient for transition from discrete to continuous transport,
ie.:

kij =1/l (i,5) € G. (5)

If it is assumed that the travel time on the individual sections of the network
is the same for all sections, then for each (i,j) € G, l;; =1 and k;; = 1. It
is advisable that the risk r;; is not less than the real arc risk F;;f;; obtained
through the resource flow f;;, i.e. the requirement must be met:

Py fij <4, (i,4) € G, (6)

which means that
Pijfi; —1ij <0, (i,j) € G. (7)

The above requirement leads to the possibility to build a network risk flow,
where it is possible to increase the risk of individual arcs, subject to the flow
requirement. This makes it possible to build a two-product network flow of
resources and risks with a total minimal cost.

The total costs for transporting the resource and for insuring the emerging
risks are equal to:

L, = Z agjfij and L, = Z a;'jrij; (8)

(4,7)€EG (4,7)€G
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L=L;+ L, = Z a;jfij + Z agljnj — min | max, (9)
(4, 5)€G (i, 5)€G

where Ly are the costs of transporting resources, L, are the costs of risk
insurance, and L are the total costs (Ls + L,).

The quantity L can be considered as a target function in the optimization
problem of the total costs in the two-product flow.

In Figure 1 it is a schematic diagram of a transport network with two
loading S, three unloading T and three intermediate P points. Flow can be
circulated on the network. In that:

X=SUPUT, SNP=0, SNT =0, TNP =10, (10)

where () is an empty set symbol.

If the transport of the resource is carried out with discrete transport units
and the travel times on different arcs of the set U are different, then the
transition to a continuous transport flow can be done by using a generalized
(with profits and losses) two-product network flow with throughput and with
coefficients {k;;/(i,j) € U}. It must comply with the flow requirements for
both variables {f;;} and {r;;}.

The introduced designations allow for the formalization of the two-product
network flow of resources and risks, including their circulation. Determining
the optimal /minimal circulation of resources and risks in this two-product flow
is reduced to the following linear programming problem:

L= Y djfi+ Y ajr;— min, (11)

(3, 1)EG (i, 1)€EG
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with constraints for each ¢ € I and (i, j) € Gj

Z fij — Z kjifii =0, 1 €I, (12)

jer} jery!

Y fi=di, i€ (13)

jery!
> fi=bi, i€l (14)

jer;y!
Pijfij —rij <0, (i, j) € G; (15)
fij < Cij; (16)
fij =0, (i, j) € Gy (17)
Zri]’— eri:(),iel; (18)

jer; jery!

Observance of the requirement Z d; = Z b; is necessary for the presence

i€l Jjel
of circulation.

After solving the above problem for linear programming, consisting of 9
equations and inequalities, the optimal distribution of resources and risks
{r#;/(i, j) € G} along the arcs x;; € U will be obtained.

The value Z fi; = f* indicates the maximal number of transport units

(4, §)eG
that can ensure the transport of the produced resource Z d; from the loading
1€
points S to the unloading points 7' at a minimal total distance and with
minimal transportation and risk insurance costs.

The optimal parameters obtained through the flow circulation can and
should be considered as an optimal shift plan — it can be used to compile an
optimal schedule for the movement of each individual dump truck. However,
since there is a real stochasticity in the movement of vehicles, the obtained
optimal schedules must be executed through the dispatching computer system
for operational management of the transport units in an open, closed or mixed
cycle.
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Problem 1: Equations and inequalities (4) and (11) to (18) define a two-
product flow with resources and risks, which circulate on the network and lead
to a minimal value of the two-product flow when transporting the resource:

SN =D fi=D) ds (20)

icls jer;t icly jer;! i€l

from loading points S through intermediate points R to unloading points R.

Problem 2: The maximal possible value for circulation of the generalized
two-product network flow of resources and risks can be determined by the
following problem for linear programming:

L =vpa = Z Z fji — max, (21)

€ls jer; !

with constraints (15) to (19), (22) and (23)

SN Fi=D>0 D> fi=0s (22)

i€l jer;l i€l jeI‘;l
E E Tji — E E fji =0. (23)
i€l jGFi_l 1€y jEFi_l

The obtained value v, = Z Z fji for the maximum possible circulation
i€l jEF;l

can be used in a number of dependences on the classical network flow, including

the mincut-maxflow theorem of Ford and Fulkerson [1], namely:

Umax = f (X0, Xo0) = C (X0, Xo) ; (24)
f (X0, Xo) =0; (25)

(XO,XO) = {CL‘U/IEZ € Xy, zj € Xo}; (26)
(X0, Xo) = {zji /zi € Xo,2; € Xo}, (27)

where (Xo, )_(0) is the minimal cut.

Problem 3: If the maximal flow (21) in circulation is determined by Prob-
lem 2, then the maximal flow with minimal value can be calculated by the
following linear optimization problem (11), (12), from (15) to (19) and in the
following two additional equations:

Z Z fij:Umax§

i€ls jer;*
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Z Z fij = VUmax;

icls jert

where v, has a value obtained in (21) after solving Problem (2).

After solving Problem 3, the obtained value of L in (11) is the minimal value
of the maximal flow vpax from (21). The developed model makes it possible
to minimize the number of circulating vehicles, ensuring the full transporta-
tion of the harvested agricultural products with minimal total costs for this
transportation and to cover the emerging risks.

The following example illustrates how the proposed two-product network
flow model with throughput and risks can be used effectively.

3. NUMERICAL EXAMPLE

Figure 2 shows a graph G (X, U) with five vertices {1, x9, x3, 24,25} = X
and eight arcs U = {x15,225,231,%32,T4,1,%42,253,T54}. On the graph
there is one loading point S = { x5} and two unloading points T' = {z1,x2}
for which the requirements (10) are observed.

Table 1 shows the coefficients needed to determine the optimal circulation
of the two-product flow.

Problem 1: The optimal two-product network flow with circulation and
risks can be determined by the dependences from (11) to (19), which for the
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Table 1. Source data

Para- Arcs — resource Arcs — risks
me-
ters /(1,5)/(2,5)|(3,1)[(3,2)|(4,1)|(4,2)((5,3)|(5,4)[|(1,5)|(2,5)|(3,1)|(3,2)|(4,1)((4,2)|(5,3)|(5,4)
c;j 714110 8|4 |10 8|4 -l -1 = -1-1-1-1-
c;'J -l -1 -1-1-1-1-1]1-118|12|22|12]| 1 |22]1.2]0.6
i 714110 4|4 (10| 4|2 - | - e e e
cfj - - o e e e - 1114]1.2|20]1.2/04(20|1.2]0.6
a;j 61210 9 |12 10| 9 | 14| - | — - -1 -1 -1-
aé'j - -] - -1-1-1-1- 8| 8|12 8 | 8 |12 8 | 6
pij 10.210.3/0.2/0.3(0.1[02]0.3]0.3(0.2/0.3/02/0.3[0.1/0.2]0.3|0.3
Vertices — resource Vertices — risks
T ||xy a2 | @3 | xg |25 | — | — | — ||x1 |22 | @3 | Xa | x5 | — | — | —
dib;)) 0 O[O0 | O |5 |—-]~-]|- 0O|0|O0]| 0 |27]—1|—1|-~-

graph of Fig. 2 and the data in Table 1 have the following form:

L =16f15 + 12fo5 + 10f31 + 9f32 + 12 f41 + 10fa2 + 9f53 + 14 f54 + 8715
+ 8ros + 12731 + 8r3o + 8rg1 4+ 12149 + 8153 + 6r54 — min;

subject to constraints and equations

1.
2
3
4
)
6.
7
8
9

10.
11.
12.
13.
14.
15.
16.
17.
18.

fis — f31— fa1 = 0;

- fos — fa2 — fa2 = 0;

- fa1+ fa2 — f53 = 0;

- fa1 4 faz — f54 = 0;

- f53 + fsa — f15 — fa5 = 0;
Ji5 + fas = 5;

- f31+ far + fa2+ fa2 = 5;

. 0.2f15 — 715 < 0;
0.1 f25 — a5 < 0;

0.2f31 — 131 <05
0.3f32 — 132 < 0;
0.1f41 — 7141 <05
0.2f42 — 142 < 0;
0.3f53 — 153 < 0;
0.3f54 — 154 < 0;
fis <7

fos < 4

f31 < 10;
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19. f32 < 4;

20. fa < 4

21. fio < 10;

22. f53 < 4

23. f54 <2

24. m15 — 131 — rq1 = 0;

25. T95 — T'39 — TI'49 = 0;

26. r31 + 732 — 153 = 0;

27. 141 + 142 — 154 = 0;

28. r53 + 754 — 115 — 125 = 0;

29. fi; > 0; (i,7) € G, ry5 > 0; (4,7) € G.

The results obtained from solving the optimization problem described above
are given in Table 2. It shows the obtained values of resources and risks along
the individual arcs of the network. The last two rows of the table show the
differences between the throughputs and the corresponding arc flow functions
of the two products. Where these differences are zero, there is a flow saturation
for the respective product — resource or risk.

Table 2. Results for Problem 1

Para- .
Arcs — resource Arcs — risks

ters |/(1,5)(2,5)|(3,1)|(3,2)|(4,1)(4,2)|(5,3)|(5,4)]|(1,5)|(2,5)|(3,1)|(3,2)|(4,1)](4,2)|(5,3)|(5,4)

fi j 1 4 0 4 1 0 4 1 — — — — _ _ _ _

&7 - -1 -/-/-1-1-103]12) 0 (12|03] 0 |1.2/0.3

pi; 110.2]03]0.2]03(01(02(03(03(0.2{0.3]0.2]0.3]0.1]0.2]0.3(0.3

cij—fig] [ 61 0 [10] 0 | 310 0 |1 e e e e I I A

=il - -1 - - |- -]-1-1]09]/0]22]0]07]2]0/03

From the last two rows of Table 2 it follows that when transporting the
resources the sections {wa5, 32,753} are saturated. The same sections are
saturated with the risks.

Figure 3 shows the graph of Fig. 2 on the arcs on which the obtained values
of the resource flow are plotted, and in brackets — the flow of risks.

The saturated arcs of the graph of Fig. 3 are marked with bold lines. They
form a loop on the same graph. A flow with a value of 4 circulates on the
cycle. There is also a second cycle — {x41, 715, 54} on which a resource flow
with a value of 1 and a risk flow with a value of 0.3 circulate. This second
cycle has unsaturated arcs.
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Problem 2: To determine the maximum possible flow of resources and
risks, almost the same dependencies will be used as in Problem 1, but with
some changes. In this case, the objective function has the following form:

L:vmax :f15+f25 — max.

In constraints (1) to (44), equations (6) and (7) must be replaced by a
single equation:

fis + fos — far — fa1 — fao — fao = 0.

The results of solving the thus formulated Problem 2 with data from Table
1 are given in the following Table 3.

In Figure 4 saturated arcs are bold, non-zero unsaturated arcs are dotted,
and the rest are zero flow. The maximal flow obtained is equal to 6.

Problem 3: The maximal value of the flow of resources obtained in the
previous Problem 2 will be used to obtain the maximal flow with a minimal

Table 3. Results for Problem 2

Para- .
Arcs — resource Arcs — risks

ters ||(1,5)(2,5)(3,1)|(3,2)[(4,1)(4,2)|(5,3)|(5,4)[|(1,5)|(2,5)|(3,1)|(3,2)|(4,1)|(4,2)|(5,3)|(5,4)

fij 610|402 |0]|4]2 S ) e

Tij - -/ -1!-1-|-|-1]-1/14]/04|12] 0 |0.2|/04]1.2]|0.6

pi; |10.2/03/0.2]03(0.1{0.2]0.3]03(0.2]0.3/02/03/0.1/0.2|0.3|0.3

c—full 146 ]af2]0]ofof - |- |- |- [-[-] |-

]| I e N e B e B 0(08(08(1.2(02|16| 0 | O
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value. In this case, the objective function has the same coefficients and vari-
ables as in Problem 1, but in the constraints — the two equations (6) and (7)
have right parts equal to vyax, namely:

f15 + f25 = Umax;

f31 + fa1 + fa2 + fa2 = Umax-

After solving the optimization problem, the maximal generalized two-product
flow with circulation, risks and a minimal value is determined.

The obtained solution coincides with the solution of Problem 2. The data
for it are marked in Table 3.

4. CONCLUSION

1. For optimal planning and management of the freight transport activity
during the harvesting of the agricultural production it is proposed to use the
circulation in a generalized two-product network flow of resources and risks
with throughput, which allows to optimize the total transport and insurance
costs of emerging risks. The model takes into account the capacity and the
unit value for transportation of each of the sections of the network.

2. Risk is defined in the same way as in man-made catastrophic events —
as a product of two measures — the volume of transported agricultural
production on a given section of the network and the probability of an
adverse event on the same section.
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3. A method has been proposed for determining the maximal number of means
of transport for the transport of harvested agricultural products. The
method determines the optimal route of each transport unit with a total
minimal cost for the entire transport activity, including insurance against
emerging risks.

4. It is proposed that the general transport process be controlled by an appro-
priate computer system and, in the event of various reasons for significant
disturbances in the traffic schedule, that it be recalculated according to the
proposed method.
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