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Abstract. In this paper we present the results of an initial para-
metric study of the maximum moment in a simple beam loaded
in bending. The investigated RC beam is three-point loaded with
a rectangular cross-section. The area of the main flexural crack
is modelled with fracture mechanics methods, allowing for crack
propagation. Multiple numerical solutions were performed vary-
ing the reinforcement ratio, steel type and concrete strength. The
aim is to investigate the maximum moment dependence on the
present parameters in the assumed model. This analysis is the
preliminary stage of a project to determine the maximum bend-
ing moment in a reinforced concrete beam in bending considering
the concrete tensile strength.

Keywords: Cracked RC beam, bending moment, fracture mechan-
ics.

1. INTRODUCTION

In the calculation of the reinforced concrete beams subjected to bending,
it is assumed that yield strength is reached in the reinforcement, and the
compressive strength of the concrete is reached in the compressive zone. Con-
sidering these assumptions, the work of the concrete in tension as well as the
crack growth resistance are completely excluded. As a result, a simplified
practical formula for calculating the maximum bending moment is obtained,
which does not consider the significant effects of the concrete’s performance.
In the present work, a beam in bending with a single-reinforced section is
considered, and a nonlinear numerical model considering these effects is used
to determine the stresses in the concrete. The aim is to verify the variance
of the results by a more realistic model of the concrete in the crack opening
process. A parametric analysis by changing some variables, such as strength of
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concrete and reinforcement or reinforcement ratio, has been performed. Cer-
tain comparisons and conclusions have been made. Ideas for further work and
research are outlined.

2. NUMERICAL MODELLING

2.1. The beam model and theory

In the present work, a model working with Hillerborg’s theory of concrete
[1] is used for modelling the fracture process zone. Fig. 1 represents the main
idea of this theory

Fig. 1. Hillerborg’s theory (a) concrete element on tension, (b) σ − ε) diagram out
of the fracture zone, (c) (σ − w) diagram in the fracture zone (d) and (e) numerical

modelling of the (σ − w) diagram

According to Hillerborg’s theory the development of the fracture (or pro-
cess) zone is introduced by a “fictitious” crack and is shown in Fig. 1.a), where
the stress-deformation behavior is investigated in a deformation controlled uni-
axial tension test. As load increases the stresses are increasing almost linearly
up to their ultimate tensile capacity. That point corresponds to the tensile
strength ft of the concrete (see Fig. 1.b)). At this stage microcracks are de-
veloped. Further loading will result in a descending branch, called “softening
in tension”. As the stress decreases the parts outside the fracture zone are
unloaded and that part of the body volume remains elastic. The fracture is
concentrated in the local zone where it is started. In the fracture zone the
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behavior is presented by stress-relative displacement curve (σ − w) – Fig. 1
c).

In the displayed model in the fracture process zone nonlinear springs rep-
resent the concrete’s behavior. For spring’s law the relationship from Fig. 1
d) has been used. Fig. 2 shows the basic idea of the Combin39 spring finite
element in ANSYS [2].

Fig. 2. Nonlinear springs (a) spring’s zone, (b) linear spring model,
(c) FE model

In the provided model, the reinforcement bars are also modelled as a spring
element, but with the physical characteristics of steel.

In theoretical formulation, it is necessary to know the fracture energy value,
which is a material constant. For this investigation, the fracture energy is
assumed to be Gf = 0.124 which is an average value for concrete.

The model of the analyzed beam is taken from the work of Smarzewski and
S lowik [3]. In this paper, experimental and numerical results for a three-point
bending beam are presented. The beams are tested to failure and the numerical
results corroborate with the experiment. As an initial stage, the authors of the
present research have numerically modelled the concrete beams from the work
of Smarzewski and S lowik with the theoretical formulation presented here, in
order to validate the performance of the numerical model. After carrying out
the control test solution, the actual work, namely parametric research, was
started.

2.2. Beam control test

The theoretical and numerical models presented here were used by Kerele-
zova in other scientific studies such as [4, 5]. However, before starting the
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actual study of the beam in the present work, a test solution was made based
on the work of Smarzewski and S lowik [3]. To verify the model, several solu-
tions were performed, but due to the limited volume, the results for only one
of them are included here. Geometry and physical characteristics are shown
in Fig. 3.

Fig. 3. Test model of the beam

The solution was performed using displacement control, because in the case
of crack growth the force-controlled solution is not a converged. After per-
forming a nonlinear solution in the ANSYS program [2], the force-displacement
curve was plotted. The result of this solution together with the results of the
work of Smarzewski and S lowik are presented in Fig. 4.

As demonstrated on the graphs shown in Fig. 4, the results of the present
model substantiate the experimental and numerical results of Smarzewski and
S lowik’s work. This gives the authors of the current study a reason to accept
the presented numerical model as accurate and reliable enough to carry out
further research.
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Fig. 4. Load-displacement curves for test beam S3k: a) results from [3]; b) results
from presented model

2.3. Modelling of the parametric analysis beam

For the present study, as mentioned, the beam presented in the previous
paragraph was used. The difference consists of a change in the physical char-
acteristics of the concrete and a change of the reinforcement ratio. For this
purpose, standard classes of concrete and steel were used in Eurocode 2 [6].
Table 1 presents the parameters that were varied and their combination.

Table 1. Parametrical combinations used in the analysis
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As shown in Table 1, for each class of concrete two types of steel are in-
cluded as well as five variants of their reinforcement ratio. For each of these
combinations, a nonlinear solution was performed with the model presented
in the previous paragraph. The aim of this analysis is to investigate how the
bending moment value changes at the maximum load capacity stage. For the
same stage, the relative rotation at the maximum load stage is also considered.

3. NUMERICAL RESULTS

In this paragraph, the numerical results from the multiple nonlinear solu-
tions performed are presented. For each nonlinear solution, the force-displace-
ment curve was extracted. For the stage of the maximum value of the load,
the stress distribution in the fracture zone is extracted. Taking this stress
distribution and the reinforcement stress, the bending moment at maximum
load stage was calculated. The relative rotation of the beam is also calculated.
Fig. 5 shows a typical stress diagram and force-displacement plot.

Fig. 5. Typical normal stresses diagram in the process zone and the beam
force-displacement curve

The results shown in Fig. 5 are for concrete class 16/20, steel type B420
and 2N10 reinforcement. As seen from the stress distribution at the maximum
load stage, more than half of the cross section is cracked with zero stresses. It
is important to note that in the presented model the stresses in the compres-
sive zone reach values greater than the concrete’s strength, in other words,
concrete plasticity is not taken into account. This has been done to facilitate
the work on the parametric analysis research. As mentioned at the beginning

Engineering Sciences, LXI, 2024, No. 1 35



Table 2. Numerical results for the moment and the relative rotation

of this article, this analysis is an initial stage of the investigation of the bend-
ing moment in a beam with consideration of the tensile strength of concrete.
That is why at this primary stage the authors have chosen to exclude some
parameters in the analysis.

Table 2 presents the results for the bending moment and the relative rota-
tion from each of the solutions performed.

Based on these results, graphs have been compiled giving a picture of the
parametric dependencies for the bending moment and virtual rotation in the
beam.

Fig. 6 and 7 show the relation of the bending moment and, respectively,
the virtual rotation for the different classes of concrete for B420 steel. Fig. 8
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Fig. 6. Bending moment-concrete class for steel B420

Fig. 7. Relative rotation-concrete class for steel B420

and 9 show the dependencies of the bending moment and, respectively, the
relative rotation on the change of the concrete class for B500 steel.

From the results presented in Fig. 6 and 7, as well as from Table 2, it is
evident that the moment predictably increases with the steel type and with
the increasing of reinforcement ratio too. On the other hand, the bending
moment values practically do not change and do not depend on the concrete
class. This result goes against expectations.
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Fig. 8. Bending moment-concrete class for steel B500

Fig. 9. Relative rotation-concrete class for steel B500

According to Eurocode [6] the height of the compressive zone is λ.x and:

x =
h

2
, (1)

for symmetrical cross section and λ = 0.8 for concrete with design strength
fcd < 50 MPa. In (1) h is the height of the cross section.
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Then for the bending moment in a reinforced concrete rectangular cross
section:

M = ηfcdbλx

(
d− λx

2

)
, (2)

where ηfcd is the design strength of concrete, η = 1 for concrete with design
strength fcd < 50 MPa, b is the cross-section width and d is the effective height
of the section.

According to expression (2), such an influence exists, and the bending mo-
ment depends on the strength of the concrete. Its value is expected to increase
as the concrete class increases.

From Fig. 8 and Fig. 9, as well as from Table 2, it can be seen that the
relative rotation predictably decreases with increasing steel type and reinforce-
ment ratio, while with respect to the concrete class remains almost constant.
Regarding rotation, its value is expected to decrease with increasing concrete
class, since a higher concrete class implies less deformability of the elements.

4. CONCLUDING REMARKS

In order to confirm the results presented here, further research is needed.
One such study is to carry out a similar parametric analysis using another
numerical model involving crack development and fracture mechanics param-
eters. On the other hand, it is necessary to do additional research by consid-
ering the concrete plasticity in the compression zone.
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