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Abstract. In this study, the influence of the spatial deforma-
tions on the upper shaft of big band saw machines is investigated.
Deformation checks for the most endangered cross sections of the
shaft are performed. For this purpose, an algorithm that includes
analytical and numerical part has been developed. Theoretical
expressions for calculating the spatial deformations are derived.
These expressions are used to calculate the maximum deflections
in the most endangered cross sections. The biggest values are
compared with the admissible values for the respective material.
Normal operation of the shaft, and therefore of the band saw ma-
chine is guaranteed if the actual values of the deformations are
equal or less than the admissible values.
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1. INTRODUCTION

The big band saw machines are object of study in this paper. These ma-
chines are widely used in the woodworking industry. They are used for cutting
logs, prisms, thick and thin boards, shutters and more. Large static and dy-
namic loads arise in operating mode. These loads cause big deformations in
the upper shafts. The influence of the spatial deformations of the shaft on
their safe operation is analyzed in the proposed work. In this case, we can
develop an algorithm to perform deformation checks on the most endangered
cross sections. The aim of this work is to obtain expressions describing the full
deformations of the main shaft. These expressions render an account the static
and dynamic deformations of the shaft in two mutually perpendicular planes.
Dependencies describing the static and dynamic deformations are obtained by
the author in previous articles [1, 2, 3].

Another objective of this study is calculation of the actual values of the
deflections in the most endangered cross sections. The theoretical expressions
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describing the spatial deformations are used for the numerical calculations.
Finding the maximum of the function can be performed in different ways.
Some of these ways are described in the second part of the article.

The final objective of this study is a deformation check of the upper shaft
of the band saw machine to be performed. For this purpose the absolute or
relative deflections of the shaft in the most endangered cross sections must
be compared with the admissible absolute or relative deflections. Normal
operation of the band saw machine is ensured if the real deflections are smaller
or equal to the limit values established in the technical literature [4–8].

2. EXPOSE

2.1. Scheme of the cutting mechanism

The leading wheel of the big band saw machines can be mounted on the
upper shaft in two ways. These cases are written as case (a) and case (b). In
this study, we consider case (b), when leading wheel is mounted between the
two bearing supports.

The scheme of the cutting mechanism is shown in Fig. 1 [1, 3, 9]. In this
section, we obtain expressions for performing a deformation check on the upper

Fig. 1. Cutting mechanism
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shaft when the leading wheel is mounted between the two bearing supports,
i.e., case (b).

The following symbols are defined: 1-main shaft, 2 and 5-belt pulleys, 3
and 4-leading wheels, A-band saw blade, and 6-upper shaft.

2.2. Dynamic model

Fig. 2. Dynamic model

The dynamic model is shown in Fig. 2. The following coordinate systems
are used:
fixed coordinate system O4xyz and coordinate system C4ξηζ whose axes are
principal axes of inertia. The linear and angular deviations e and α are also
shown in the figure as e = O4C4 and α is the angle between the axes ζ and z.

2.3. Deformation checks-analytical solution

The upper shaft consists of two parts – SO4 and O4T . Deformation checks
can be performed analytically and numerically by using the following algorithm
[10]:
− expressions describing the static and dynamic deformations of the shaft in

two mutually perpendicular planes are used;
− the full deformations for the relevant axes are determined;
− the full deflection of the shaft for each part is calculated from known de-

pendencies;
− the endangered cross-section of the shaft is determined. This is the section

where the full deflection is the biggest. We denote this deflection with fmax;
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− the calculated value of fmax is used for deformation check of the shaft.
This algorithm is applied to each part.
I. Part SO4 0 ≤ z ≤ a3.

− static and dynamic deformations of the upper shaft in two mutually per-
pendicular planes;

ystSO4
(z) =

1

EJ

(
Ssty
6
z3 + S1z + T1

)
,

xstSO4
(z) =

1

EJ

(
Sstx
6
z3 + S3z + T3

)
,

ydynSO4
(z, t) = (S̄1 cosω0z + T̄1 sinω0z + V̄1 chω0z + W̄1 shω0z) sinωt,

xdynSO4
(z, t) = (S̄3 cosω0z + T̄3 sinω0z + V̄3 chω0z + W̄3 shω0z) cosωt.

(1)
full deformation of the upper shaft for the relevant axes;

ySO4Σ(z, t) = ystSO4
(z) + ydinSO4

(z, t)

xSO4Σ(z, t) = xstSO4
(z) + xdinSO4

(z, t)
(2)

− deflection of the upper shaft for part SO4;

fSO4(z, t) =
√

(ySO4Σ(z, t))2 + (xSOKΣ(z, t))2. (3)

This expression is transformed into the following form to obtain the depen-
dence for calculating the full deflection of the upper shaft.

fO4K(z, t)

=

√√√√√√√√√√√√√

(ystSO4
(z))2 + (xstSO4

(z))2

+2[ystSO4
(S̄1 cosω0z + T̄1 sinω0z + V̄1 chω0z + W̄1 shω0z) sinωt]

+2[xstSO4
(S̄3 cosω0z + T̄3 sinω0z + V̄3 chω0z + W̄3 shω0z) cosωt]

+[(S̄1 cosω0z + T̄1 sinω0z + V̄1 chω0z + W̄1 shω0z) sinωt]2

+[(S̄3 cosω0z + T̄3 sinω0z + V̄3 chω0z + W̄3 shω0z) cosωt]2

, (4)

II. Part O4T a3 ≤ z ≤ 2a3 static and dynamic deformations of the upper
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shaft in two mutually perpendicular planes;

ystO4T (z) =
1

EJ

[
(Ge4 + 2F e4 + Ssty )

6
z3 +

[M e
G4x

− (Ge4 + 2F e4 )a3]

2
z2

+S2Z + T2

]
,

xstO4T (z) =
1

EJ

(
Sstx
6
z3 +

M st
R4y

2
+ S4Z + T4

)
,

ydynO4T
(z, t) = (S̄2 cosω0z + T̄2 sinω0z + V̄2 chω0z + W̄2 shω0z) sinωt,

xdynO4T
(z, t) = (S̄4 cosω0z + T̄4 sinω0z + V̄4 chω0z + W̄4 shω0z) cosωt.

(5)

full deformation of the upper shaft for the relevant axes;

yO4TΣ(z, t) = ystO4T (z) + ydinO4T (z, t)

xO4TΣ(z, t) = xstO4T (z) + xdinO4T (z, t)
(6)

full deflection of the upper shaft for part O4T ;

fO4T (z, t) =
√

(yO4TΣ(z, t))2 + (xO4TΣ(z, t))2. (7)

We replace yO4TΣ(z, t) and xO4TΣ(z, t)in the above expression with their
equals and obtain the dependence for calculating the full deflection of the
upper shaft.

fO4T (z, t)

=

√√√√√√√√√√√√√

(ystO4T (z))2 + (xstO4T (z))2

+2[ystO4T (S̄2 cosω0z + T̄2 sinω0z + V̄2 chω0z + W̄2 shω0z) sinωt]

+2[xstO4T (S̄4 cosω0z + T̄4 sinω0z + V̄4 chω0z + W̄4 shω0z) cosωt]

+[(S̄2 cosω0z + T̄2 sinω0z + V̄2 chω0z + W̄2 shω0z) sinωt]2

+[(S̄4 cosω0z + T̄4 sinω0z + V̄4 chω0z + W̄4 shω0z) cosωt]2

, (8)

The following symbols are used in the above expressions:
Si, Ti, (i = 1, 2) are constants of integration. They take part in the expres-

sions for ystSO4
and ystO4T and can be calculated from the following dependencies:
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S1 = −
a3[Ge4 + 2F e4 + 8Ssty )a3 + 3M e

G4x
]

12
, T1 = 0,

S2 = −
a3[5Ge4 + 10F e4 − 8Ssty )a3 − 15M e

G4x
]

12
,

T2 = −
a2

3[3M e
G4x

− (Ge4 + 2F e4 )a3]

6
.

(9)

Sj , Tj , (j = 3, 4) are constants of integration. They take part in the expres-
sions for xstSO4

and xstO4T and can be calculated from the following dependencies:

S3 =
−3a3(3M st

R4y
+ 8a3S

st
x

12
, T3 = 0,

S4 =
−3a3(15M st

R4y
+ 8a3S

st
x

12
, T4 =

M st
R4y

a2
3

2
.

(10)

Ge4, F e4 , M e
G4x and M st

R4y are static forces and moments. They can be
calculated from the dependences (11) written below.

M e
G4x = m4ge sinα, M st

R4y =
1

2

(
mK∆(λ)bHu

V
+RΣ

)
r4 cosα,

Ge4 = m4g, F e4 = 1.5Nc/V,

(11)

where m+4 and r4 are the mass and the radius of the leading wheel 4 and g is
the acceleration of gravity. RΣ is the total resistance force. H is the thickness
of the workpiece or sawing height, u is the feeding speed, b is the width of the
cutter. m is a coefficient (0 ≤ m ≤ 1). N is the cutting power and V is the
cutting speed. K∆(λ) is the specific work of the cutting [11].

K∆ = k +
aρp

uz∆
+
α∆H

b
, Kλ = k +

aρps

buzλ
+
αλH

b
. (12)

The symbol α∆(λ) is the friction intensity of the shavings on the sawing
walls, as α∆ is used for swage-set teeth and αλ is used for part-set teeth
(αλ = 1.25α∆).
aρ is a coefficient of the blunt teeth, (1.4 ≤ aρ ≤ 2.8). s is the thickness of

the band saw blades. k is the fictitious pressure on the front side of the teeth
and p is the fictitious specific force on the back side of the teeth. The feeding
of one tooth is marked with uz∆, uzλ.
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Sstx and Ssty are static reactions. They are caused by static forces and
moments participating in the above expressions and can be calculated from
the following dependencies:

Sstx = − r4

4a3

(
mK∆(λ)bHu

V
+RΣ

)
cosα,

Ssty = −m4g

2a3
(e sinα+ a3) − 1.5Nc

V
.

(13)

S̄i, T̄i, V̄i, W̄i, (i = 1, 2) are constants of integration. They take part in the
expressions that describe the deformations of the shaft by the dynamic loads
and can be calculated from the following expressions:

S̄i =
∆S̄i

∆P
, T̄i =

∆T̄i

∆P
, V̄i =

∆V̄i

∆P
, W̄i =

∆W̄i

∆P
, (i = 1, 2), (14)

where ∆P = detP is the determinant of the matrix P. This determinant is
non-zero, because otherwise the mechanical system will operate in resonance
mode and it has the following form:

P = (15)



1 0 1 0 0 0 0 0
0 −1 0 1 0 0 0 0
−1 0 1 0 0 0 0 0

cosω0a3 sinω0a3 chω0a3 shω0a3 − cosω0a3 − sinω0a3 − chω0a3 − shω0a3

− sinω0a3 cosω0a3 shω0a3 chω0a3 sinω0a3 − cosω0a3 − shω0a3 − chω0a3

0 0 0 0 cos 2ω0a3 sin 2ω0a3 ch 2ω0a3 sh 2ω0a3

0 0 0 0 − cos 2ω0a3 − sin 2ω0a3 ch 2ω0a3 sh 2ω0a3

0 0 0 0 − sin 2ω0a3 cos 2ω0a3 − sh 2ω0a3 − ch 2ω0a3


The determinants ∆S̄i

, ∆T̄i
, ∆V̄i

and ∆W̄i
(i = 1, 2) are determinants of

the matrices formed by the matrix P in which the corresponding columns are
replaced by the column vector p as follows:

∆S̄i
(i = 1, 2) – the first or fifth column of the matrix P,

∆T̄i
(i = 1, 2) – the second or sixth column of the matrix P,

∆V̄i
(i = 1, 2) – the third or seventh column of the matrix P,

∆W̄i
(i = 1, 2) – the fourth or eighth column of the matrix P.

The column-vector p has the following form:

p =

[
0

Sbm
EJω3

0

0 0 0 0 0
Tbm
EJω3

0

]T
. (16)
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where the amplitudes Sbm and Tbm are calculated from the following depen-
dencies:

Sbm = − 1

4a3

(
mK∆(λ)bHu

V
+RΣ

)
e cosα

+
ω2

2

[
1

a3

(
Jξ − Jζ −m4e

2
)

sinα−m4e

]
cosα,

Tbm =
1

4a3

(
mK∆(λ)bHu

V
+RΣ

)
e cosα

−ω
2

2

[
1

a3

(
Jξ − Jζ −m4e

2
)

sinα+m4e

]
cosα.

(17)

ω0 is parameter, (ω4
0 = Amsρω

2/EJ), [12, 13]. In this expression E is the
modulus of elasticity, J = Jx = Jy is the axial moment of inertia, Ams is the
cross-sectional area of the shaft, ρ is the density of the material. Jξ and Jζ
are the mass moments of inertia of the leading wheel.
S̄j , T̄j , V̄j , W̄j , (j = 3, 4) are constants of integration. They can be calcu-

lated from the following expressions:

S̄j =
∆S̄i

∆Q
, T̄j =

∆T̄i

∆Q
, V̄j =

∆V̄i

∆Q
, W̄j =

∆W̄i

∆Q
, (i = 1, 2), (18)

where ∆Q = detQ is the determinant of the basic matrix Q of the linear
system. This matrix has the following form:

Q = (19)



1 0 1 0 0 0 0 0
−1 0 1 0 0 0 0 0

cosω0a3 sinω0a3 chω0a3 shω0a3 − cosω0a3 − sinω0a3 − chω0a3 − shω0a3

− sinω0a3 cosω0a3 shω0a3 chω0a3 sinω0a3 − cosω0a3 − shω0a3 − chω0a3

− sinω0a3 cosω0a3 − shω0a3 − chω0a3 sinω0a3 − cosω0a3 shω0a3 chω0a3

cosω0a3 sinω0a3 − chω0a3 − shω0a3 − cosω0a3 − sinω0a3 chω0a3 shω0a3

0 0 0 0 cos 2ω0a3 sin 2ω0a3 ch 2ω0a3 2 shω0a3

0 0 0 0 − cos 2ω0a3 − sin 2ω0a3 ch 2ω0a3 sh 3ω0a3


The determinants ∆S̄j

, ∆T̄j
, ∆V̄j

and ∆W̄j
(j = 3, 4) are determinants of

the matrices formed by the matrix Q in which the corresponding columns
are replaced by the column vector q in the same way as the determinants in
expressions (15).

The column-vector q has the following form:

q =

[
0 0 0 0

m4ω
2e cosα

EJω3
0

Mbm

EJω2
0

0 0

]T
. (20)
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Amplitude

Mbm =
1

2

[(
mK∆(λ)bHu

V
+RΣ

)
e cosα− ω2

(
Jξ − Jζ −m4e

2
)

sin 2α

]
.

2.3. Deformation checks – numerical solution

We use the obtained theoretical expressions to perform deformation checks
on the upper shaft. The spatial deformations of the whole shaft can be ob-
tained using expressions (4) and (8). These deformations are shown in Fig.
3.

Fig. 3. Spatial deformations for the two parts of the shaft

The following initial data are used [9, 11, 14-18]:
ω = 56 [s−1], ω0 = 0.6971 [1/m], e = 0.001 [m], α = 0.01744 [rad], a2 = 0.4
[m], b2 = 0.8 [m], g = 9.81 [m/s2], m4 = 810 [kg], Jξ = 171 [kg m2], Jζ = 336
[kg m2], Jx = Jy = J = 321.8 e−008 [m4], Ams = 63.585 e−004 [m2], Nc = 43.4
[kW], V = 45 [m/s], u = 0.5 [m/s], r4 = 0.8 [m], s = 1.47 [mm], b = 2.5[mm],
p = 9220 [N/m], k = 35× 106 [Pa], αλ = 245× 103 [Pa], α∆ = 196× 103 [Pa],
m = 0.5, H = 0.42 [m], u = 0.5 [m/s], uz∆ = 2.5 [mm], K∆ = 80×106 [J/m3],
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RΣ = 2400 [N], ρ = 7850 [kg/m3], F e4 = 1450 [N], RΣ = 2400 [N], Pu = 2850
[N], G = 7946 [N], E = 2.06 e+ 011 [Pa].

Obviously, the most endangered cross-section is situated in the part SO4.
Figure 4 shows the spatial deformations of the shaft for this part.

Fig. 4. Spatial deformation of the upper shaft – part SO4

We use the part of the algorithm for numerical solution presented in section
2.3. Obviously, the most endangered cross-section is situated where z = 0.5
[m]. We denote fSO4(0.5, t) = maxfSO4 . We need to build a plane diagram for
this cross section. For this reason, we write expression (4) as follows.

fSO4(z, t)

=

√√√√√√√√√√√√√√√√√

(ystSO4
(z))2 + (xstSO4

(z))2

+2[(ystSO4
(0.5))(S̄1 cos(ω00.5) + T̄1 sin(ω00.5) + V̄1 ch(ω00.5)

+W̄1(ω00.5)) sinωt] + 2[(xstSO4
(0.5))(S̄3 cos(ω00.5) + T̄3 sin(ω00.5)

+V̄3 ch(ω00.5) + W̄3 sh(ω00.5)) cosωt] + [(S̄1 cos(ω00.5)

+T̄1 sin(ω00.5) + V̄1 ch(ω00.5) + W̄1 sh(ω00.5)) sinωt]2

+[(S̄3 cos(ω00.5) + T̄3 sin(ω00.5) + V̄3 ch(ω00.5)

+W̄3 sh(ω00.5)) cosωt]2

(21)
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ystSO4
(0.5) =

1

EJ

(
Ssty
6

0.53 + S10.5 + T1

)
,

xstSO4
(0.5) =

1

EJ

(
Sstx
6

0.53 + S30.5 + T3

)
.

Using this expression, we draw the diagram of the function fSO4(0.5, t),
which is shown in Fig. 5.

The maximum value of the deformation expression must be determined by
calculating the values of the function in the area of the local maximum or by
using optimization procedures to find the maximum of the function.

a) first way: calculation of the maximum values of the function.
Figure 5 shows the diagram of the function fSO4(0.5, t).

Fig. 5. Diagram of the function fSO4
(0.5, t)
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This diagram is drawn using the expression (21). We can assume that the
first local maximum appears in the interval 0.1 ≤ t ≤ 0.2 [s]. The values of
the function fSO4(0.5, t) are written as a matrix shown above.

Precise calculations show the exact value of the maximum deflection:

maxfSO4 = 0.80191947 068912 e − 003 [m]. This value should be used to per-
form a deformation check of the shaft, if it is the largest measured value.
For other calculations, we can use the following abbreviated value maxfSO4 =
0.80191947 e− 003 [m].
b) second way: use of optimization procedures for finding the maximum of the

function.
We use the optimization procedure fmincom to determine maxfSO4 [19,

20]. It is necessary to determine the initial approximations of the coordinates
z and t, for which the function possesses a maximum value. These initial
approximations are determined by Fig. 4 and Fig. 5. We define the following
values: x0=[0.5 0.15]. The procedure requires the interval boundaries, in which
the coordinates z and t change their values to be determined. In the present
case, these intervals are: lower bounds lb = [0 0], upper bounds ub = [0.6 0.82].

function F=def1(x)
x0=[0.5 0.15];
lb=[0 0]; ub=[0.6 0.82];
ops=optimset(’LargeScale’,’off’);
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[x,fval,exitflag,output]=fmincon(@def2,x0,[],[],[],[],lb,ub,[],ops)

z = 0.4995496618 6438 [m], t = 0.13965853 928916 [s],

maxfSO4 = 8.0200169018 97315 e− 004 [m].

exitflag = 5
output = algorithm: ’medium-scale: SQP, Quasi-Newton, line-search’
It is obvious that the calculated result for maxfSO4 is the same as this

one in the first way to find the maximum of the function. This deflection is
the greatest deflection. It is denoted by fmax and can be used to perform a
deformation check of the upper shaft. In this case, the following expressions
are used [4, 5, 6]:

fmax ≤ [f ], fmax/lb ≤ [f/lb], (22)

where [f ] is the admissible deflection and [f/lb] is the admissible relative de-
flection. The values of this deflection are taken from technical literature. We
can choose the most appropriate value for each particular case, i.e. [f/lb] = ab.
The admissible deflection can be calculated in the following way: [f ] = ablb.
The distance lb takes the same values for the different parts, i.e. for parts
SO4 and O4T, lb = a3. The deformation conditions are satisfied if the maxi-
mum deflection fmax or the maximum relative deflection fmax/lb are smaller or
equal to the respective admissible deflections. The final expressions are shown
below.

fmax ≤ ablb, fmax/lb ≤ ab. (23)

3. CONCLUSION

In this study, the main purpose of the research is fulfilled, namely to perform
deformation check of the upper shaft of big band saw machines. The two
main ways by calculating the maximum value of the deformation expression
are used. These ways are considered in section 2.4. In order to achieve the
formulated purpose, the three main tasks have been solved.
a) expressions describing the full deformations of the upper shaft are obtained.

These expressions render an account the static and dynamic deformations
of the shaft in two mutually perpendicular planes.

b) the actual values of the deflections in the most endangered cross sections are
calculated. The theoretical expressions describing the spatial deformations
for the numerical calculations are used.
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c) deformation check of the upper shaft for case (b) to be performed is the
final task. To this end, the absolute or relative deflections of the upper
shaft in the most endangered cross section is compared with the admissible
absolute or relative deflections. Normal operation of the band saw machine
is ensured if the real deflections are smaller or equal to the limit values
established in the technical literature.
In conclusion, we can say that the obtained theoretical expressions and

numerical results, as well as the proposed algorithm for deformation checks
can be used in the design of other classes of woodworking machines.
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