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In this second part of the article, analytical dependencies, which
define the basic geometric characteristics of the mesh region and
the active tooth surfaces of the link realizing rectilinear trans-
lations, are presented. The cases, considered here, are when
the active tooth surfaces of the rotating link are face convolute,
Archimedean and involute helical surfaces with a constant pitch.
These surfaces are analytically defined in Part I of this study.
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1. INTRODUCTION

The successful implementation in the technique of spatial rack drives with

new kinematic and strength characteristics is held by the insufficient knowl-

edge of the common principles of this transformation due to the lack of offered

specific approaches to the mathematical modeling oriented to their synthesis.

The current study is dedicated to the synthesis of one new innovative type

gear transmissions — spatial face rack drives [1].

gear rack.
The face rack drives are innovative transmissions that are suitable for im-

plementation into a precise compact mechanical systems with a small transla-

tional motion and with high smoothness and high loading capacity.
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This type of mechanisms
serves to transform rotation of a face worm into a translational motion of a



2. SYNTHESIS OF SPATIAL FACE LINEAR MECHANISMS
2.1. Face convolute rack mechanism

The synthesis of the studied type rack drive is accomplished in accordance
with the second principle of T. Olivier [1, 2], when the symbols given in Fig.
1 are taken under consideration. In connection with the current study, the
equations system (1) and (2) of the active surfaces Egc]) = Egj)(j =1,2) and
the normal vector ny (of the face convolute worm) to them, written in their

G .G) &) (j))

co-ordinate systems Sj(cj )(O ;oTp Y, 27 ), are presented as follows [3]:

x}j) = rgcosd — UD) sin,
y](cj) = rosin®d + UY) cos ¥, (1)
) = Fu cos V),
where UY) = 4 sin §(j) — p¥ and
G _ + cos £V (K cos ) — UY) sin0)),

n
[y

ng{;f ::lzcosf(j)(Ksinﬁ—i—U(j) cos 1), (2)

”Efj,)zf = U@ gin W),

where K =19 — p;.
The equations (1) and (2) are written in the fixed co-ordinate system
S(0O,z,y,z2), i.e.:

. . . T . . . T
{xm’ym,z(])’t _ 1} — Mss, [xgp’y;n’z;])’tf - 1} , (3)
@ 6 DT _ W @ 601"
[nﬁx,n;’y,nﬂz] —Lsgf {nf]’mf,nf{yf,nf]’zf} , (4)
where
o o 00 o e 1
Mss, = 0301 0901 1ol Lgg, = || singp;  cospr 0 ],
0 0 01 0 0 1
whence ) )
) = rycosf — U sing,
YY) = rosinf + UY cos, (5)

S0) — z}j) = 44 cos €@,
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where 0 = ¥ + 1,
ngc]’; = 4+ cos f(j)(K cosf — U(j) sin@),
n) = + cos€0) (K sin 0 + U cos ), ©)
a9 — ) gin ¢U),

=
For the studied case the equation of meshing is written as [4-6]:
apViz = npaVise +npyVizy + np2Vize = 0. (7)

The sliding velocity vector Vig at an arbitrary contact point from the con-
tact line Dg) between EEJ ) and Egj ) is:

Vig = (—y + jo1)i + zj + 0.k, (8)

where 4, j,k are unit vectors of the co-ordinate axis of S(O,z,y,2); jo1 —
velocity ratio of the studied rack drive.
Then, from equations (5), (6), (7) and (8), the following type of the equation

of meshing is obtained:
Ul K.jo1 cos . )
J218in 60 + py
The action surface of the studied rack mechanism has the following analytical
form, which is composed of the equations (5) and (9):

20) = rgcosf — U sin 6,
y9) = rosing + UY) cos o,
A0 = 1) cos £0). (10)

K.j21 cos b

pU) — —2J21 27
Jo1sinf + p;

The tooth surfaces Eéj )(j = 1,2) of the gear rack are determined by the
equation systems:

. . . T . . . T
[xgj)vyg)vzé])vtl = 1] = Ms,s [x(j)ay(j)vz(])vt =1,
s Vizas + 1p Vizgs + 1420 Vizz = 0, (11)

T T
[Mfwas Mfyns Mfze]” = Lisys Mpasnpysnypsl

T T
Vi2,20s Vi2,yes Vi2,2o) = Lsos [Vize, Vizy, Vizz]™
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Fig. 1. Geometric-kinematic scheme of face rack-mechanism:
Egj ) is the face helicoid; Eéj )~ an active tooth surfaces of the
tooth rack; w; — velocity vector of the rotating link ¢ = 1 (face
worm); Vo — velocity vector of the rectilinear translation of the
link ¢ = 2 (gear rack); S(O,z,y,z) — static co-ordinate system;
S;])(O;]),xgcj),y}]),z](cj)) — co-ordinate system firmly connected
with the link ¢ = 1; Séj)(Oéj),xgj),yéj),zéj)) — co-ordinate sys-
tem firmly connected with the link ¢ = 2; ¢; — meshing parameter

where '
10 0 jorpr
010 0
Mg,s = 001 0 ) Lg,s = E3,3.
0 0 O 1

The equations describing active tooth surfaces Egj )(j = 1,2) are obtained,
after transformation of equation (11):
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xgj) =rgcos — U9 sin g + J211,

yéj) = rgsinf + UY) cos 6,

, . ) 12
zéj) = :tu(j)cosf(]), (12)
Ul — K.jo1 cos @ ’
J218in6 + py
2U) = rocosf — UY) sin 0,
y) = rgsinf + UY) cos 0,
20) = 14 cos £0) (13)
) K.jo1 cos 6 .
J218in6 + py
The equations of active tooth surfaces Egj )(j = 1,2) of the gear rack are
determined by the system of equations:
. . . T . . . T
[xgj),yéj),zéj),tl _ 1] — Mg, s [x(])’y(J)’Z(J)’t —1|
Nf xo ‘/12,232 +Ng oy, ‘/12,y2 + nf,ngIZ,zg =0, (14)

T T
[Mfwas M f s Mfze] = Lisys Mpasnpysnypsl

T T
V12,00, Vi2,y0s Vi2,20) = Lisos [Vize, Vizy, Vizz]"

where .
I 00 joay
010 0
Ms,s = 001 0 ) Lg,s = E343.
0 0 O 1

The equations of active tooth surfaces 2(2]‘ )( j = 1,2) are obtained from the
system of equations (11):

g;gj) =rgcosf — U sinf + jor 1,
y§) = rosin® + U cos ),

zéj) = +4) cosf(j),

K.jo1 cos b

pl) — —~J21 =7
Jo1sinf + py
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Fig. 2. Mesh surfaces MRW and MR® of spatial right face rack drives with
velocity ratio jo; = 1.273 mm/rad and with teeth number z; = 1 and parameters

2 = M =150°, u® € [0,6], 9V € [4,8, 87], B = £® = 120°, u® € [0, 6],
9 € [4,8, 87]: (a) and (b) convolute — (1 > _ = 10 mm; (c) and (d) Archimedean;

(e) and (f) involute (1 ? =10 mm

Figure 2(a, b) shows the mesh region of face convolute rack drive.
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2.2. Face Archimedean rack mechanism

The analytical description of the action surface of face Archimedean rack
mechanism is obtained from the system of equations (13), when substituting
ro = 0 (whence K = —py), 1. e.:

20) = ) sin 6,
y9) = U coso,
20 = £40) cos €W,

[G) _ _ Prjacost
Pt + jo1sinf’

From the system of equations (15) with analogical substitution, the ana-
lytical description of the tooth surfaces of the gear rack (conjugated with face
Archimedean helicoids) is obtained:

2 = —UD sin + o1,
ygj) = UY) cos 0,

. , , 17
29 = 4y cos €, (17)

Dt Jjo1 cos 0

pl) — L2l =»7
Jo1sinf + py

In Figure 2(c, d) the region of mesh of face Archimedean rack transmission is
illustrated.

2.3. Face involute rack mechanism

The equations of mesh regions and the active tooth surfaces 2(2] ) of the
gear rack of face involute rack mechanism are obtained from systems (10) and
(12) by taking into account the condition of enveloping of the face involute
helicoid K =0, i.e.:

29 = rgcosf — UD sin 6,

y(j) =rgsinf + U9 cos 0,

A0) = 4, 0) g £0)

UD (jor sind + py) = 0, UD £ 0,
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xgj) =rgcos — U9 sin 6 + J211,

yéj) =rgsinf + A2 cos b,
‘ . . (19)
zéj) = +u) cos £V,

U (g1 sin + py) =0, UY) #£0.

In Figure 2 (e, f) the mesh region of the face involute rack drive is illustrated.

3. ANALYSIS OF THE GEOMETRY OF THE ACTIVE
SURFACE OF THE FACE LINEAR RACK MECHANISMS

In order to study analytically the geometric character of the action sur-
face/mesh region of the face convolute rack mechanism, the system of equa-
tions (13) is presented in coordinate form [7]. Further in the study, the upper
indices will be omitted. From the third equation of (13) it can be written:

u =

:I:L, ie:U==xztan& — pd = f(z,U).
cosé
Let the first two equations of (13) together with the equation of meshing be

solved: '
K.jo1 cosfsin 6

Jorsind +pp
K .ja1 cos? 0 (20)

T =rgcosf —

y =rosinf +

Jo1sinf + p;

Let sinf = t and cos®# = 1 — t* be substituted into the second equation of
(20) and the obtained quadratic equation be solved. Then:

(jory — ropt) £/ (Gory — ropt)? — 4jo1 (ro — K) (a1 K + pr.y)
2j21 (’I“O — K) ’

(21)

t12 =

Oor more
ti2 = Pi(y) £ vV P2 (v), (22)
. . 2
J21Y — ToDPt J21Y — Topt .
where Py(y) = 2222 — 0 py) = [ L2 0 (o K 4 pry).
() = 2T Pyy) = [ 2R Gk )

When the first equation of (20) is multiplied with sin #, and the second — with
cos f and after summarizing it is obtained:

2
x\/l—[my)i B +y [P EVR®)] = (23)

(© Umnxenepuu nayku, rog. LV, 2018, Ne 1 27 © Engineering Sciences, LV, 2018, No. 1



The equation (23) describes a cylindrical surface with generatrices, parallel to
the axis Oz, which is the action surface of the face convolute rack mechanism.

For the case of face Archimedean rack drive, the equation (23) obtains the
following form:

2
x\/l - [Pl(y) + Pz(?/)} +y [P1(y) + Pz(?/)} =0, (24)

where P (y) Py(y) = 2%% + pi(jo1 + v).

2p;’

The equality (24) describes analytically a cylindrical action surface of face
Archimedean rack mechanism with generatrices, parallel to the axis Oz.

Analogically, when in equation (23) the condition for evolving of the active
tooth surfaces of the face involute worm is taken under consideration, then
from the mesh region of the corresponding face rack mechanism, the following

equation is obtained:
\/J31 — P{-x = pry — jar.mo = 0, (25)

which is an equation of the plane parallel to the axis Oz.

4. CONCLUSION

An important direction of contemporary “science of gear mechanisms” is
the “geometric theory of gear transmissions”. The basic tasks, which are
solved by this direction of the science of gear mechanisms, are: development
of adequate approaches to the synthesis and related to it active surfaces gen-
eration of different types gear transmissions; choice of rational form of active
tooth surfaces; creation of a calculating apparatus for development of innova-
tive drives and etc. In this work a calculating apparatus is presented, which
is applicable in the synthesis of a new class of innovative rack drives with a
special application for compact, highly accurate and highly loaded mechani-
cal systems. Spatial rack drives are applicable in transmissions with a small
translation motion.
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N3CJIIEABAHE HA TEOMETPUATA
HA TTPOCTPAHCTBEH I'PEBEHEH MEXAHU3'bM

C YEJIHO AL EITEHUN ITIOABV2>KHIV 3BEHA
YACT II. CUHTE3 HA IIOBBbPXHUHATA
HA 3AIIEITBAHE 1 HA AKTUBHUTE 3'bBHU

IIOBBHPXHIUHU HA N3BBbPIIIBAIIIO IIPABOJINMHENHA

TPAHCJIAIINA 3BEHO
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Pesrome. BaxkeH KJIOH Ha CbBpEMEHHATA ,, HAYKA 304 360HUME Me-
TAHUBMU" € , 2e0MEMPUYHAMA MEOPUS HAE 3BOHUME MPAHCMU-
cuu. OCHOBHHTE 3aJ1a4M, KOUTO PEIlaBa TO3U KJIOH OT HAayKaTa
3a 3bOHUTE MEXAHU3MU, Ca: Pa3pabOTBaHe HA AJCKBATHU MOIXOIN
3a CHHTE3 U CBbP3AHOTO C HErO I'eHEepHUpAHe HA AKTUBHUTE 3b0-
HU MOBbPXHUHU HA PA3JINIHU TUIIOBE 3bOHU 38 IBUKBAHUST; 300D
Ha palmoHajHa (OpPMa Ha AKTUBHUTE 3bOHU IMOBbPXHWHU, Cb3-
JlaBaHe Ha U3YUCIUTEJIEH anapar 3a (opMHUpaHe Ha WHOBATUBHU
3a/IBUKBAHUSA U TIP.
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B Tasm BTOpa YacT Ha M3CJIEABAHETO Ca IPEJICTABEHH aHAJIN-
TUYHN 3aBUCUMOCTH, JeMDUHUPAIIN OCHOBHHUTE N€OMETPUYHU Xa-
PAKTEPUCTUKN Ha PaBHUHATA Ha 3allellBAHE M AKTUBHHUTE 3bOHU
IIOBbPXHUHU Ha HU3BbPHIBAIIOTO JIMHEHHO IIPEMECTBAaHE IIOJIBUXK-
HO 3BEHO HA IpeOeHHWTE MeXaHW3MU. Pa3riieranu ca ciydanTe,
KOTaTO aKTUBHUTE 3bOHU MOBLPXHUHN HA, POTUPAIIOTO 3BEHO, Je-
bUHUPaAHU AHAJUTUYHO B I'bPBATA YACT HA M3CJIEIBAHETO, Ca YeJl-
HUM KOHBOJIIOTHU, apXUMEJIOBU U €BOJIBEHTHU BUHOBU IOBbPXHUHU
C IIOCTOSIHHA, CT'hIIKA. B Tasu pabora e MpejicTaBeH U3YNC/IUTe/IeH
arapar, IPUJIOXKHUM IIPU CHUHTEe3a Ha HOB KJIaC MHOBATHUBHU TI'De-
OeHHM 33/IBUKBAHUS CbC CIEIMAJIHO IPUJIOKEHIE 38 KOMIIAKTHH,
BHCOKO TOYHU U BHCOKO HATOBAPEHN MeXaHWIHHU cucTemu. IIpoc-
TPAHCTBEHUTE UEJHU I'PEOCHHU MEXaHU3MH Ca IMPUIOKUMHU KATO
3a/[BUXKBAHUsI C MAJIbK PAabOTEH XOI.

Karowosu dymu: TpebeHeH MEXaHU3bM, MATEMATHIHO MOJIEIUPa-
He, CUHTE3, YeJIeH JIMHEEeH XeJIMKOWJI, IIOBbPXHIHA Ha 3allelBaHe,
II0JIe Ha 3alleIIBAHE.

Received October 05, 2017

(© Umnxkenepuu nayku, rog. LV, 2018, Ne 1 30 © Engineering Sciences, LV, 2018, No. 1



